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Abstract. In this paper a new class of hard SAT instances is proposesseTh
instances are built using a new graph based representdtioootean formula
in conjunctive normal form (CNF). It extends the well knownglication graph
of binary clauses (2-SAT) to the general case. Every clasisepresented as a
set of possible (conditional) implications and encodedhwitferent arcs labeled
with a set of literals, called contexts. This representasilbows us to reformulate
classical resolution as a transitive closure on the grapis.fEsult combined with
the underlying structure of the graph are then used to deave SAT instances
with respect to the state-of-the-art SAT solvers.

1 Introduction

The SAT problem, namely the issue of checking whether a laodi@mula in conjunc-
tive normal form is satisfiable or not, is central in many conep science and artificial
intelligence domains, like theorem proving, planning, fmanotonic reasoning, VLSI
correctness checking and knowledge-bases verificatiomaithtion. During these last
two decades, many approaches have been proposed to sav@Alainstances, based
on -logically complete or not- algorithms. Both local-sg#atechniques [20] and elabo-
rate variants of the Davis-Putnam-Loveland-LogemannisiDgrocedure [9] ([19, 13])
can now solve efficiently many families of large SAT instasmieacoding real-world ap-
plications. Other kind of instances have been proposedtihdtimain objective to defeat
all existing solvers. For example, randomly generatedtisfisble SAT instances still
the most difficult ones [7]. Other instances such as Urqat;, parity-32 [8], pigeon
hole [15] can be solved thanks to an efficient handling ofrtparticular structure.
These last kind of instances has been for a long time a sulfjective research. Many
interesting improvements has been derived. Among them¢aneite heuristics [11],
look-ahead [18, 4], symmetry breaking [3, 1], equivalentacpssing [17], functional
dependencies [14].

In this paper, we propose a new class of hard SAT instancesseTimstances are
highly structured but randomly generated. As we show ini@e&, these instances are
difficult to solve using the state-of-the-art SAT solverstsas CDCL (Conflict Driven
Clause Learning) solvers (MISAT [12] and ZcHAFF [19]) or other approaches such
us (MARCH_EQ [16]). These instances are built using a new SAT graph-besae-
sentation which extends in an original way the well knownliggtion graph of binary
CNF formula (2-SAT) to the general case. Every clause isssprted as a set of pos-
sible (conditional) implications and encoded with diffier@rcs labeled with a set of



literals, called contexts (or conditions). Our proposqalesentation allows us to ex-
tend many interesting features of the 2-SAT polynomial tafgorithm. Among them,
classical resolution is formulated using the transitivesale of the graph. Paths from
nodes labeled with opposite literals lead to a new definibicconditional backbone i.e.
the literal is implied under a given context or condition.vir&wer, in the general case
finding the (minimal) context under which a given literaliisglied is computationally
intractable.

Our SAT graph representation allows to generate small but $tauctured satisfi-
able and unsatisfiable SAT instances. Our generator usgeatiff parameters leading to
instances with different clauses length.

The rest of the paper is organized as follows. After somearmneary definitions,
our sat graph-based representation is presented in s€ciitren, we introduce our new
class of difficult benchmarks in section 4. Before conclggan extensive experimental
study is presented in section 5.

2 Technical preliminaries

Let B be a Boolean (i.e. propositional) language of formulastfwithe standard way,
using usual connectives (A, =, —, «<») and a set of propositional variables.

A CNF formulaX’ is a set (interpreted as a conjunctionctduseswhere a clause
is a set (interpreted as a disjunction)itérals. A literal is a positive or negated propo-
sitional variable. For a literat (resp. a clause), V(z) (resp.V(c)) denotes the propo-
sitional variable associated to a litera(resp. the set of variables associated to literals
of ¢). We noteV(X) (resp.£(X)) the set of variables (resp. literals) occurringlin
The size of a clause denotedc|, is equal to the number of literals it containsuAit
clauseis a clause formed of size one.uhit literal is the unique literal of a unit clause.
Binary clausesontains two literals. AHorn clausecontains at most one positive lit-
eral. A clause is callegositive(resp.negative if all of its literals are positive (resp.
negative). AHorn-SAT(rep.2-SAT) is a formula composed of only Horn (resp. binary)
clauses. These two fragments of SAT are known to be solvabilegar time [2, 10].

In addition to these usual set-based notations, we definedfation of a set of
literals S as the set of the corresponding opposite litereis= {-l|l € S}.

Aninterpretation/ of a Boolean formulais an assignment of truth val{ies.e, false}
to its variablesI can be represented as a conjunction (a set) of literals. Eet(¢),
the formula obtained by assignintp true, isp(l) = {c—{—l}|c € ¢,—l € c} U{c|c €
¢,1 ¢ c,—l ¢ c}. For an interpretatiod = {l,la,...,l,}, (1) = &(l1)(l2) ... (1,).

A modelof a formula is an interpretatioh that satisfies the formula i.ex(/) = 0.
Accordingly, SAT consists in finding a model of a CNF formulaem such a model
does exist or in proving that such a model does not exist.

Letc; be a clause containing a literandc, a clause containing the opposite literal
—a, oneresolventof ¢; ande, is the disjunction of all literals of; andcs lessa and
—a, notedres(a, c1, c2). A resolvent is calledautologicalwhen it contains opposite
literals; fundamental otherwise.



3 SAT-based graph representation

Different graph representations of CNF formula has beemgsed previously and
used for different purposes. Among them, one can cite gragiidation for learn-
ing schemes [19], preprocessing [5], , survey propagatioadlving satisfiable 3-SAT
random formulas [6], visualization [21] and so on. Our pregmrepresentation can be
seen as an extension of the 2-SAT graph representation getieral case [2].

3.1 From CNF to labeled graph

Before introducing our approach, let us first recall the \ethwn graph representation
of 2-SAT formula.

Let @ be a 2-SAT formula. The graph representationyofis defined as7, =
(S, E), whereS = {z,~z|z € L(¢)} andE = {(—z,y), (-y,x)|(x Vy) € ¢}. The
polynomial time algorithm used to solyeis based on applying the computation of the
transitive closure of/, G, = (S, E') and checking whether there exists a literat S
such thatz, ~z) € E' and(—z,z) € E’. Obviously, computing transitive closure on
the graphG, is equivalent to the saturating by resolution. Indeed, fofz,y) and
(y,z) of E a new edg€x, z) is generated and added to the graph. Such application
corresponds toes(y, (-x Vy), (-y V 2))) = (-z V z).

For general CNF formula, a natural representation can baredd using a hyper-
graph where vertices correspond to literals, and hypersgaauses. In the following,
a SAT graph based representation of general CNF formulasepted. It extends in an
original way the 2-SAT graph representation describedviaelo

Definition 1. Let ¢ be a clause such that| > 2. A contextn. associated ta is a
conjunction of literals such thatn. C ¢ and|c — {-n.}| = 2 i.e wheny, is true the
clausec becomes a binary clause.

Example 1.Letc = (a vV =b V ¢ V d) be a clause. One possible context associated to
isn. = (b A —c). The clause can be rewritten a§—a A n.) — d).

For a clause of sizek, we haven.| = k — 2. The context associated to a binary
clause is empty, whereas for ternary clauses the contextirstditeral. The number
of possible contexts of is equal to@. A clausec can be rewritten irk(k — 1)
different ways. Wherk = 1 the clause is unit, no context is possible. Using the clause
c given in the example 1, we obtain 6 possible contexts of siza@ 12 different ways
for rewriting c.
Let us now define our SAT graph based representation of CNfflar.

Definition 2 (graph SAT representation).Let ¢ be a CNF formula. we defin€, =
(S, E,v) the graph SAT associated ®@as the directed labeled graph defined as fol-
lows:

— 5= {z,~alr € ()}
— F ={a=(—a,y) suchthatic € &,c¢ = (¢ V -, V y) andv(a) = 1.}



In the sequel, for clarity reasons, we sometimes note addbmica = (z,y) as
(x,y,v(a)). We also notela(a) = (—x vV —v(a) V y) as the clause associatedito

Clearly, the definition 2 generalizes the classical 2-SAdpgrrepresentation. In-
deed, if all the contexts are empty i.e. all clauseg afe binary, then all the arcs 6f,
are labeled with an empty set of literals.

3.2 Transitive closure / Resolution

In this section, a connection between classical resolatimhgraph transitive closure is
described. Let us introduce some necessary definitionscedfierih, we only consider
formula¢ without tautological clauses, arddy = (S, A, v) the SAT graph representa-
tion of ¢.

Definition 3. LetGy = (S, A,v) agraph,a; = (z,y,v(a1)) € Aandas = (y, z,v(az)) €
A. We definér(ay, az) = a3 st.az = (x, z,v(a1) Uv(az)\{z, —2}).

In the definition above, the elimination ¢f:, -z} from the context associated tg
guaranties that the clausk: (a3 ) do not contains several occurrences of the same literal.
It corresponds to the application of the classical fuside.ru

Example 2.Leta; = (z,y, {—z,e}) andas = (y, z, {x, f}). The two clauses encoded
in a1 andas arec; = (—xVzV-eVy)ande, = (—y V -z V- f V 2) respectively. We
obtaintr(ay, as) = (z, z, {—e,~f}) andcla(tr(ai, az)) = (—xV—-eVV~fVz). This
last clause does not contain redundant literals. Usindutsn res(cy, 2, y) we obtain
cs = (mxVzV-eV-zV-fVz). Applying fusion rule ors we eliminate one occurrence
of ~z andz. We obtainres(ci, c2,y) = cla(tr(ay, a2)) = (mx V =e VV=f V 2)

Property 1. Letcl = (2 Ve, Vy) € ¢, ca = (myVne, Vz) € ¢, a1 = (x,y,1.,) € A
andas = (z,y,7.,) € A. We haveres(ci, c2,y) = cla(tr(ai, az))

The proof of the property 1 is a direct consequence of theitiefis 2 and 3.

Definition 4 (path). A pathp(z,y) betweenr and y in G, is defined as follow :
p(z,y) = [Ti, Tiy, ..., x4 Sy, = xandx;, =yandl < j <k (z,_,,24) €

A. We definey, = ;< v((zs,_,,2;;)) as the context associated tdz,y) and

tr(p(a,y)) =tr(... tr((®iy, Tiy)s (Tigs Tig)) - - - (T4 _, » i, ) - . .) @S the transitive clo-
sure associated tp(z, y).

Definition 5 (Fundamental path). Letp(z,y) = [z = x4, %iy,...,x;, = y] be a
path between: andy. p(x,y) is called fundamental if it satisfies the following condi-
tions:

— 1), do not contain a literal and its opposite
— —x ¢ np andy ¢ 1,

The following property states that for a fundamental path y), one can derive a
fundamental resolvent using the transitive closure.



Property 2. Let p(x,y) be a path. Ifp(z,y) is fundamental iffcla(tr(p(x,y))) is a
fundamental clause.

Proof. For a fundamental paii(x, y), we have;, do not contain a literal and its oppo-
site. Ascla(tr(p(x,y)) can be written as = (—zVv -, Vy), r is clearly a fundamental
clause. Indeed, from definition 5, do not contain a literal and its opposite (first con-
dition) andz € -n, and—y ¢ —n, (second condition). The converse is also true.
Suppose thatla(tr(p(z,y))) is not fundamental. Agr(p(x,y)) = (z,y,mp). Then
ca(tr(p(z,y)) = (-z V —m, V y) is not fundamental. This mean that either the first or
the second condition of the definition 5 is violated.

In the following, we describe how classical resolution carabhieved using graph
transitive closure.

Definition 6. Let G, = (S, A,v) a graph representation ab. We defingr(Gy) =
(S, A’ v") such thatva € S, Vy € S such thatdp(z,y) a fundamental path from
andy, A" = AU {tr(p(z,y))}.

Property 3. Let ¢ be a formulag is unsatisfiable ifBk st.tr*(G4) = (S, A’,v") and
Iz € S with (z, —x,0) € A" and(—zx, z,0) € A’

Proof. Our graph representation is clearly complete i.e. eactseleencodefl(k —1)
times. As shown above, the application of theon the arcs of7; is equivalent to
applying resolution or. The proof can be derived from the refutation completeness
result of classical resolution.

In property 3, we have shown how resolution can be perfornmetthe SAT graph
representation. Obviously, other SAT techniques (e.dalbée elimination, unit propa-
gation, etc) can be reformulated using our proposed repta$en. Let us note that our
graph representation admits many interesting featuresobtihe main advantage is that
dependencies between clauses are well expressed usingpoesentation. Such struc-
tural property is known to be important for the efficiency @TSsolvers. Interestingly
enough, our representation can be seen as a state graple, edwr state represents
a literal and the transition between the statdo s, can be performed under a given
conditionv((s1, s2)) (a set of literals). Many interesting problems can be foated
more easily using graph. For example, one can be interaesteahiputing the shortest
path between a literal and its opposite i.e. computing th@mal condition for a given
literal to be implied.

4 Generating hard instances

In this section, we show how our graph SAT representationbsansed to generate
difficult SAT instances. Our construction is based on graphetrsal following paths
p(a, —a) from a literala to its opposite-a. Let us note, that when the cumulated set of
context is empty, thema is an implied literal i.ecla(tr(p(a, —a))) = —a. However,
deciding if a given literal is implied or finding the minimabrdition for its implica-
tion is computationally intractable. Our idea consistsangtructing a particular graph



where the implication of-a is easy to prove but difficult to obtain with a given solver.
Our proposed generator combine in an original way the graptresentation with the
well known hyper resolution.

Definition 7. Letcs = (y1 Vy2 V...V y,,) be a clause, called side clause ang be

a CNF formula(—y1 V ) A (my2 V @) A ... A (-ym V «), wherea is a sub-clause.
Applying hyper-resolution on, and ¢;,, in short hr,, ¢5), we derive the sub-clause
«, called hyper-resolvent.

Hyper-resolution can be defined using classical resolutimeed can also be derived
using several resolution steps.

In the following definition, we introduce a new notion, callblock-resolution,
which extend hyper-resolution. Block-resolution can bensas an application of sev-
eral hyper resolution steps.

Definition 8. Letcs = (y1Vy2V...Vyn,) be aside clause ang = (-2 Vaa V.. . Vay)

a clause wherd < k < m + 1. Let¢, = ép, A dpy, A ... A ¢p,_, be a CNF
formula such thaty,, = (—y1 V —z1 Vag) A A (my = Vo2 V x9)andey, , =
(“Ym—m 41V 2wy V ) Ao A (tym V oz Vo). We define block resolution on
cs andoy as : brics, ¢p) = hr(...hr(hr(cs, ¢ny)s Phy)- - - dn,_,) = ¢, called a block
resolvent. We definB; (x1, z2, ... zxr) = ¢s A ¢y as a block formula.

It is important to note, that in the definition 8, fér= 1, block-resolution corre-
sponds to hyper-resolution.

Toillustrate the above definition, in figure 1 an example otklformulaBy* (z1, x2, x3)
and its graph representation are given. On the left handbs$ithe figure, the side clause
is shown in gray scales, and the other clauseBBfz1, 2, x3) are represented using
our SAT graph based representationi.e. each arcfrotaz; with 1 < i < 3islabeled
with a different literal from the side clause.

Remark 1.Applying resolution between the side clause andthather clauses, we can
derive the clause, = (—x1 V z2 V x3) representing the implicatiofx; — (x2 V x3)).
Such a resolvent,. can be obtained with one block-resolution step.

@ yl\/yg...\/y%\/y%Jrl\/...\/ym
-zl Vg Ve
| —xlV —y2 V xo

[{yl} ) - wp)  vped] o ) ] w1V g V@
2
—xlV TYmog V 3

é ﬁzl V Ym V T3

Fig. 1. A block B5* and its associated set of clauses




By connecting blocks in a hierarchical form, we want to baldraph in a way to
highlight that a literal-a is implied. Our graph is built as shown in figure 2. In this
figure, box in gray scales represent side clauses. Starting the literala, we use an
incremental construction. Using block-resolution, atrestep we generate one more
node until a given level is reached. Then, at each step, we remove one node. The last
one is the node associatedta. We formalize this construction in definition 9.

Definition 9. We defing!™ (a) = &7 (a) AP &I"(a) the set of clauses obtained with
the partial SAT graph represented in figure 2. Each gray sogpeesents a33" block.
7" is called diamond formula.

The following property ensures that the literad is implied by the set of clauses
@ (a)-

Property 4. Let ]"(a) be a diamond formula. We hadg" (a) F —a

Proof. Sketch of the proof : let us remind that for a bloBK* (z1, z2, z3) can derive
x1 — x2 V x3 using block resolution. The traversal of the graph (see &i@uirom top
to bottom, and applying block-resolution at each step, @mederive successively the
following implications :a — 2} Va3, a — 2l vaivad ..., a — 2, ,Vvai,, ,
anda — —a

From this property, it is easy to generate unsatisfiable $&fances by generating
formulas®}" (a) A®}" (—a). However, we observed that these instances are quite easy to
solve. Since, we want to generate difficult formulas, we afeea very simple change.
Instead to build two graphs, one for the implicationao&nd another one for the im-
plication of —a, we choose two different literals and we keep two graphs,fonéhe
impication of—a and the other one for the implication ©b. Then generated formulas
are of the formd}" (a) A " (b). We can now introduce the generation process used by
our generator.

— Each generated formul™ has the fornG;” = @ (a) A #]" (b) wherea andb are
two differents literals.

— All variables are randomly generated

- V1 <k hij<lz, #x)

— Each side clause is a positive one

— Variables appearing in side clauses does not appear in aodetce versa

Of course, there exists a large number of ways to construdtfbamulas using our
proposed blocks. We use these restrictiongjforas it derive the hardest SAT instances.
Our generator is availablebt t p: / / www. cri | . fr/ ~ abbour . Aswe can seein
the next section 5 our proposed approach allows to generetiélsut hard unsatisfiable
instances. Furthermore, we can remark that each generetizthée has some special
characteristics:

— It does not contain pure literal
— It contains only clauses of size 3 and
— It does not contain equivalent literals.
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Fig. 2. Graph based generation : a hierarchy of block formulas



5 Experiments

The experimental results reported in this section are nbthon a Xeon 3.2 GHz (2 GB
RAM). CPU time is limited to 1800 seconds.

We generate different classes of formulas. The first onegate: = 4) instances,
whereas the second ones gfe(m = 5). For each class, the number of leve)sstands
from 14 to 24, and different formulas are generated by varttie number of variables.
Then, at least 100 instances are generated for each level.

We use three state-of-the-art SAT solversHAFF (versionMARCH_EQ 2007.3.12),
MINISAT (version 2.0), which are conflict directed clause drivenc(cdolvers, and
MARCH_EQ (version 010). These three solvers are compared on thegjedénstances.

level

am=4 b.mz5

Fig. 3. percent of instances solved wrt level

The figure 3 gives the percent of solved instances by the sulwers for different
levels. Figure 3.a exhibits this result for = 4. It is clear that the greater the level
the harder are the instances. From lelvet 16, instances become hard for the three
solvers. At level = 23, the instances are very difficult and none solver is able lizeso
aninstance at levéB. Let us note that, at this level, instances contains lese 6laises
and the number of variables does not exceed 2000nFer 5 (figure 3.b), generated
instances are more difficult. Indeed, at leisel 20, ZCHAFF and MARCH_EQ solve 5%
of the instances, where IMISAT solves 15%. Here, the number of variables does not
exceed 1700.

For a given level, we want to know the impact of the number afaldes in the
difficulty of instances. As shown in figure 4 (where = 4), we observe a threshold
phenomenon when the number of variables changes. Indeetigieen level, it exists
a critical number of variables which produce difficult geated problems. This number
is near from600 for a levell = 15 (figure 4.a) and neat00 for a levell = 16. Like for
random 3-SAT instances, as far from this critical numberasfables we are as easier
are the instances. We can also observe thati§AT is the best on these instances and
ZCHAFF obtain the worst results.
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Fig. 4. CPU time comparisonf = 4)
This threshold phenomenonis observed alsgfonstances as we can see on figure

5. In this case, the critical point is nes80 for the levell = 15, where is near t680
for levell = 16.
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Fig. 5. CPU time comparisonif = 5)

Tables 1 and 2 exhibit that our generator can produce irttegeand difficult sat-
isfiable and unsatisfiable instances. The average time tegpor these figures takes
only into account solved instances. For a given level, walpces difficult satisfiable
instances (table 1) for all solvers. Results reported itetakexhibit that our generator
is able to produce quite short unsatisfiable and difficulichemarks.

This notion of block allows to generate different kinds ofrfulas. In this paper,
we achieved experiments, with = 4 andm = 5, but difficult instances could be
generated withn = 2. Let us remark that with this value binary clauses are géeéra
Currently, we are generalizing the side clause to a set ofsela In this way, we can
generate difficult formulas containing 800 variables and@binary clauses and 1000
n-ary clauses.



ZCHAFF MINISAT MARCH_EQ

levell|nb inst||nb solvedavg timeg|nb solvedavg time|nb solvedavg time
15 63 58 68 63 37 60 118
16 78 65 92 78 113 62 218
17 84 67 96 84 139 67 169
18 68 45 137 68 199 59 327
19 52 37 240 52 241 35 247
20 30 1 326 30 421 18 359
21 8 1 872 8 440 7 289
22 3 - - - - 3] 103

Table 1. Some difficult SAT instances{ = 4, 5)

ZCHAFF MINISAT MARCH_EQ
levell|nb inst||nb solvedavg timeg|nb solvedavg time|nb solvedavg time
14 | 106 106| 67 106| 5 106 40
15 91 70 155 91 55 85 214
16 67 23 592, 67 254 44 523
17 26 0 - 26 834 3 120:{
18 4 0 - 4/ 1383 - -
Table 2. Some short UNSAT instancesy(= 4, 5)

5.1 Preprocessing these hard instances

In this section, we propose a way to simplify these instabgesiding some clausesin a
preprocessing step. To this end, according to definitioar&dch bloc3" (x4, z2, x3),
we add the clausé-zq V z2 V x3).

Figure 6 compares results of the three solvers with and witheeprocessing. Each
scatter plot given in figure 6 illustrates the comparatigeils of a given solver on each
generated instance. The x-axis (resp. y-axis) correspnith® cpu timex (resp.ty)
obtained by a solver on the original instance (resp. ingangmented by previous
clauses). Each dot witfiz, ty) coordinates corresponds to a SAT instance. Dots above
(resp. below) the diagonal indicate instances where tlggnaliformula is solved faster
i.e.tx < ty (resp. slower i.etx > ty) than the SAT formula with additional clauses.

This preprocessing step improve significantly the perforoea of MARCH_EQ solver.
The performances of ZHAFF and MINISAT are also improved. Interestingly enough,
in a majority of cases where the performances are decreasegbponds to satisfiable
instances.

Finally, The plotin figure 7 is obtained as follows: the xsspresents the number
of benchmarks solved by a given solver and the y-axis (in tmde3 the time needed
to solve this number of problems. In this figure we take intocamt all generated
instancesg;' andG? ). Itis clear that £ZHAFF and MARCH_EQare not very good on our
benchmarks. Furthermore,INISAT seems to be the most efficient solver by report/ratio
to the two others solvers. Adding the preprocessing stepgasthe performances.
Each solver is able to solve more instances with these addii clauses (up to 180
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instances for MRCH_EQ). Furthermore, in this case, ARCH_EQ becomes the best
solver.
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Fig. 7.Number of instances solved vs CPU time

6 Conclusion

In this paper we have presented a new class of difficult SATherarks. These bench-
marks are built using a new graph based representation éédotormula in conjunc-
tive normal form. It originally extends the well known 2-SAfplication graph. This
new representation offers many interesting features. fhetare of the formula (vari-
ables dependencies) is clearly well expressed. Expergraamtied out on three state
of the art solvers exhibits the difficulty of proposed instas This graph sat represen-
tation and these difficult instances open interesting pfthfuture research. Among
them, we plan to extend our generator in order to derive hantmarks containing
less variables and clauses. Another interesting theatetiark concerns the use of the
SAT graph properties to characterize new SAT polynomiaifrants.
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