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What is Maximum Satisfiability?

e CNF Formula:

X6, X2 X6, X2 —X2, X1
—1X6, X8 X6, T1X8 X2, X4
X7, X5 X7, X5 —X5, X3

X4, X5

—1X3



What is Maximum Satisfiability?

e CNF Formula:

X6, X2 X6, X2 —X2, X1 —X1
X6, X8 X6, X8 X2, X4 —1X4, X5
X7,Xg —1X7, X5 —1X5, X3 X3

e Formula is unsatisfiable

e MaxSAT:
— Find assignment that maximizes number of satisfied clauses
» For above formula, solution is 10

e There are a number of variants of MaxSAT



The MaxSAT Problem(s)

MaxSAT:

— All clauses are soft
— Find assignment that maximizes number of satisfied soft clauses

Partial MaxSAT:

— Hard clauses must be satisfied
— Find assignment that maximizes number of satisfied soft clauses

Weighted MaxSAT

— Weights associated with clauses
— Find assignment that maximizes sum of weights of satisfied clauses

Weighted partial MaxSAT

— Weights associated with soft clauses

— Hard clauses must be satisfied

— Find assignment that maximizes sum of weights of satisfied soft
clauses
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Minimum Vertex Cover

* The problem:
— Graph G = (V,E)

— Vertex cover U [V such that for all edges (v;,V;), either v; or
\% [ Ul

— Minimum vertex cover: vertex cover U of minimum size
e Partial MaxSAT formulation:

— Associate x; with each v; [V, such that x; = 1 i[v [,
otherwise v; [Vl — U.

— Hard clauses: (x; [xj) for each edge (v;,v;) CEl
— Soft clauses: (—x;) for each vertex v;

» l.e. preferable not to include vertices in U

@ on = {Ga ), (a d), o T}
{(=x1), (=x2), (=x3), (=x4)}
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Pseudo-Boolean Optimization

* The problem:

_ 1
min Cij
Jj=1
1 _
s. t. aijxj=b;,i=1,....m
Jj=1

= Weighted partial MaxSAT formulation:
— Represent pseudo-Boolean constraints as hard clauses
» Can convert PB constraints to SAT [Een&Sorensson’06]
— Weighted soft clauses: (—x;) with weightc;, j=1,...,n
» If negated literals are maximized, then positive literals are minimized
— If ¢; =1, then instance of partial MaxSAT



MaxSAT in Bioinformatics?

PBO can be solved with MaxSAT and representative
bioinformatics problems can be solved with PBO

Haplotype Inference
— Can be modelled as iterated SAT (SHIPs) or as PBO
(Poly/RPoly/NRPoly)
» SHIPs: see our AAAI'06, SAT’06, IJAIT’08 and CJ’08 papers
» *Poly: see our AB’07 and CPAIOR’08 papers

Maximum Quartet Consistency
— Can be modelled as CSP, ASP or PBO
» E.g. see our WCB’08 workshop paper

Genome Rearrangement Distance Computation
— Can be modelled as PBO

» E.g. see RECOMB-CG’06 paper by Angibaud, Fertin, Rusu and
Vialette



MaxSAT Applications

From (past) MaxSAT evaluations

e Combinatorial auctions; Max-ONE
= Max-CUT; Min vertex cover; Max clique

= All manually crafted
— Most from random source



MaxSAT Applications

From (past) MaxSAT evaluations

e Combinatorial auctions; Max-ONE
= Max-CUT; Min vertex cover; Max clique

= All manually crafted
— Most from random source

From practical applications

= Design debugging [DEBUG] [Safarpour et al.'07]
= Binate covering problem (from PB evaluation) [Manquinho&Roussel'07]

— Filter design [FIR]; Logic synthesis [SYN];
Min size test pattern [MTG]; etc.

= Pseudo-Boolean optimization (from PB evaluation)

= In this talk: focus on practical applications



Existing MaxSAT Solutions

= Cannot use most e [edtive SAT techniques
— No unit propagation
— No unrestricted clause learning

= Branch and bound search
— Sophisticated lower bounds (on # of unsatisfiable clauses)
» Unit propagation [Li, Manya & Planes’05]
» Inconsistent subsets [Li, Manya & Planes’06]
— Dedicated inference techniques
> Adapted resolution rule [Heras & Larrosa’06]
|



MaxSAT Status

The Positive Side

= Significant performance improvements in recent years
— See evolution of solvers in last two editions of MaxSAT evaluation



MaxSAT Status

The Positive Side

= Significant performance improvements in recent years
— See evolution of solvers in last two editions of MaxSAT evaluation

The Negative Side

= Poor performance on practical examples
— Number of aborted instances with timeout of 1000s:

Class | # Instances | maxsatz | minimaxsat
DEBUG 65 62 65
FIR 59 - 45
SYN 74 - 46
MTG 215 - 7

= Not yet feasible to use MaxSAT solvers in practical applications



MaxSAT for Practical Problems?

= Branch and bound algorithms unlikely to scale in practice
Bench | # Variables | # Clauses

63 797728 2011216

64 870975 3812147
65 1128648 4422185

— Too many variables and clauses; Di Lerknt approach needed !

= Try to build on success of SAT solvers for practical problems
— CDCL solvers: integrate both unit propagation and clause learning

= One possible solution: Use modern SAT/PB solver

— Implement selective blocking of clauses
— Cardinality constraints to restrict how many clauses to block

— In practice, solution needs to be more elaborate
» Need to compute unsatisfiable cores



Outline

MaxSAT with Pseudo-Boolean



Solving MaxSAT with PB |

[E.g. Amgoud et al.’96,Aloul et al.’02]

Formula ¢ with n variables and m = || clauses

Create ¢’ from ¢:

— Replace each clause w; with w! = w; [b;}
— One new blocking variable b; for each clause
— ' with m clauses and n + m variables

Trivial to satisfy ¢’ by assigning b; = 1, for all i

Example:
— CNF formula ¢:

p = {{Xla _'XZ}a {xla X2}7 {_'xl}}

— Modified formula ¢’:

¢ = {{x1, X2, b1}, {X1, X2, b2}, {-x1, b3}}



Solving MaxSAT with PB Il

= Iteratively solve the modified PB/SAT problem:

Lg— 1
O'=¢' 1 b=k

— Start withk =m—1
— Decrease value of k while " is satisfiable
— Stop when ¢” becomes unsatisfiable

» Return k + 1 (i.e. value of k for last satisfiable ")

= Example:

— Recall modified formula ¢’ = {{x1, =%z, b1}, {X1, X2, b2}, {—x1, b3}}
— Instances of PB/SAT to solve, w/ k =2,1,0:

Lgi— 1]
90” = {{Xla X2, bl}v {Xla X2, b2}7 {_'le b3}} 1 bi =k

» Satisfiable for k = 2, 1; Unsatisfiable for k =0
» Return k=1



Solving MaxSAT with PB Il

Can use PB solver or SAT solver

— With SAT, just encode cardinality constraint

C——1
b; < k into CNF

Can refine cardinality constraint and avoid redoing search
Can reduce number of iterations
— E.g. update k given number of b; variables assigned value 1

Does not scale in practice

PBO
Class # Instances | MaxSAT | minisat+
DEBUG 65 63 -
FIR 59 - 37
SYN 74 - 44
MTG 215 - 0




Solving MaxSAT with PB IV

= Why does MaxSAT with PB not scale ?

— Number of variables is now n + ||
— Complex cardinality constraints

» E.g.n=10°and m=10% S b <10°—1

= Use of PB might be feasible if number of b;’s could be reduced

— Can we be selective on which clauses to add b; variables to ?



Solving MaxSAT with PB IV

= Why does MaxSAT with PB not scale ?

— Number of variables is now n + ||
— Complex cardinality constraints

» E.g.n=10°and m=10% S b <10°—1

= Use of PB might be feasible if number of b;’s could be reduced

— Can we be selective on which clauses to add b; variables to ?

» Yes ! Only need to block clauses in unsatisfiable cores
» Need to identify clauses in unsatisfiable cores
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Unsatisfiable Cores

« Subformula ¢’ of unsatisfiable formula ¢ that is also unsatisfiable
— Example formula:
¢ ={{=c},{-b},{-a,c},{a b}, {a ~d} {-a -d}}
— Unsatisfiable core:

¢" = {{~c} {-b},{-a c} {a b}}

= Generating unsatisfiable cores:

— CDCL SAT solvers learn clauses from conflicts  varques-sivagsakalianoe]
Learnt clauses obtained from resolution operations
For unsatisfiable instances, learnt clauses capture resolution proof
Can use resolution proof to create unsatisfiable core [Zhang&Malik03]

SAT solver needs to produce trace of learnt clauses with explanation
of resolution operations used for creating each clause



An Example

e CNF formula:

¢ = wi Lwp Lod Lol Lwh Lwb
= (=c) [{3b) [3a [c) [(@ [b) [({@ [=H) [(Fa [=H)
b=0 a=1
w2 w4 Y
c=0 - K
w1 w3

Implication graph with conflict



An Example

e CNF formula:

© = wy [wd Lol Lol Lwh Lwh
= (-c) [(@b) [Fa [c) [(@ [h) [(d [=H) [(Fa [=H)
w2 9S50 W4 a:1\
w3
= c=0 3 K

Proof trace [ bz ws wy wy



An Example

e CNF formula:

¢ = w Cop [ Cwl Cab Cob
= (=c) [@b) CFa [c) @ [h) [{d [=H) [{Fa [=H)
(afh) (-alg)
N/
oo b=0—7F—a=1 (-c) (b
2 N N/
——>c=0 — (-b)  (0)
\ /
1

Resolution proof follows structure of conflicts



An Example

e CNF formula:

o = w o) [ [} Cob (g
= (—c) [Fb) [EFa [c) [(@ [b) [(d [(=H) [(Fa [=H)
(arlh) (-alc)
N S
o DS U——0——Aa34 (=c) (b ()
2 N N/
c=0 ; (=b)  (b)

. | \ /
—1
Unsatisfiable core: wy, w2, w3, wa

Computing unsatisfiable core is linear in the number of learnt clauses
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Cardinality Constraints

= How to handle cardinality constraints, ;-;_J
— How to handle AtMost1 constraints, =1% =1
= Solution #1:

— Use PB solver
— Need to modify PB solver to generate unsatisfiable cores
— For SAT/UNSAT, best PB solvers encode to SAT



Cardinality Constraints

= How to handle cardinality constraints, ;-;_J
— How to handle AtMost1 constraints, =X =1
= Solution #1:

— Use PB solver
— Need to modify PB solver to generate unsatisfiable cores
— For SAT/UNSAT, best PB solvers encode to SAT

e Solution #2:

— Encode cardinality constraints to CNF
— Use SAT solver
— Easy to generate unsatisfiable cores



Encoding to CNF

L, 1

* General form:  ;_, x; <k

— BDDs [Een&Sorensson’06]
» Clauses/Variables: O(n k)
= Sorting networks [Een&Sorensson’06]

» Clauses/Variables: O(nlog?® n)

-

- Special case:  _;Xx; <1
Pairwise encoding
» Clauses: O(n?) ; No auxiliary variables

— Sequential counter [Sinz'05]
» Clauses: O(n) ; Auxiliary variables: O(n)
— Bitwise encoding [Prestwich'07]

» Clauses: O(nlogn) ; Auxiliary variables: O(log n)



Examples of CNF Encodings |

-

= Encode  ;_; X; = 1 with sequential counter:

(@@) EG‘Xn Dn— l):]
1<i<n (( =X IZFD II-"SI 1 IZFI) II""XI D/ — 1))

- If x; =1, all s; variables assigned
» All other x variables take value 0
— Ifall x; =0, can find consistent assignment to s; variables

— O(n) clauses ; O(n) auxiliary variables



Examples of CNF Encodings Il
= Encode J;.;zl Xj < 1 with bitwise encoding:
— Define r = [Idgn[(with n > 1) ; Auxiliary variables vp,...,v,_1
— Associate with x; the binary representation of j — 1
— Create clauses (-x; [pj), i =0,...,r —1, where

» pi = v; if the binary representation of j — 1 has value 1 in position i
» pi = —w; otherwise

— If x; = 1, assignment to v; variables must encode j — 1
» All other x variables take value 0

— If all x; = 0, any assignment to v; variables is consistent

— O(nlogn) clauses ; O(logn) auxiliary variables

e An example: X1 +X, +x3 <=1

B (%1 (=) [, [=lo)
% 1 ol (=xp [=bn) C(Ex; [V9)

X3 2 10 (_'X3 II‘) III.'X3 0)
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Many Unsatisfiability-Based Algorithms

[Fu&Malik’06,Marques-Silva&Planes’'07,Marques-Silva&Planes’08, Marques-Silva& Manquinho’08]
e msul.X, X=0,1,2
* msu2.0
e msu3d.Y, Y=0,1
e msu4.0

* Main di [erknces:

— Number of cardinality constraints
— CNF encoding of cardinality constraints
— Progression of the algorithm
» Refine LB vs. refine LB&UB
» All unsatisfiable instances vs. some possibly satisfiable

— Single blocking variable per clause vs. multiple blocking variables



Fu&Malik's Algorithm: msul.0

X67 X2 _'X67 X2 _'X27 X1
—1X6, X8 X6, T1X8 X2,X4
X7,Xs —X7, X5 —X5, X3

Example CNF formula

X1

—1X4, X5

—|X3



Fu&Malik's Algorithm: msul.0

X6, X2 —X6, X2
—X6, X8 X6, X8
X7, X5 —X7, X5

Formula is UNSAT; Get unsat core

«0O0>» «F»r» « >

<

it
v

DA



Fu&Malik's Algorithm: msul.0

Xg, X2 —Xg, X2 X2, X1, b1

—Xg, Xg X6, X8 X2, X4, D3

X7,Xs =X7, X5 =Xs, X3, bs
IEb,‘ <1

Add blocking variables and AtMostl constraint

—Xq, b2

—X4, X5, D4

—X3, bg



Fu&Malik's Algorithm: msul.0

X6, X8

X6, X8

X2, X4, 03

—X4,Xs, 04

Formula is (again) UNSAT; Get unsat core

«0O0>» «F»r» « >

<

it
v

DA



Fu&Malik's Algorithm: msul.0

X6, X2, D7

—1X6, X8

X7, X5, D11

—Xg, X2, Dg —X2, X1, b1, bg —X1, b2, b1o

X6, T1X8 X2, X4, b3 —1X4, X5, b4
-X7,Xs,012  —X5,X3,b5,013 X3, bg, D14
IElb,' <1

i=7

Add new blocking variables and AtMostl constraint



Fu&Malik's Algorithm: msul.0

X6, X2, b7 —Xg, X2, bg —X2, X1, 01, bg

—X6, X8 X6, T1X8 X2, X4, b3
X7,Xs,b11 -X7,Xs,012 X5, X3, b5, D13
I%Ib; <1 %Ib, <1

Instance is now SAT

—1X1, b2, b1o

—X4, X5, D4

—1X3, bg, D14



Fu&Malik's Algorithm: msul.0

X6, X2, b7 —Xg, X2, bg —X2, X1, 01, bg

—X6, X8 X6, T1X8 X2, X4, b3
X7,Xs,b11 -X7,Xs,012 X5, X3, b5, D13
I%Ib; <1 %Ib, <1

MaxSAT solution is [p]| — 1 =12—2 =10

—1X1, b2, b1o

—X4, X5, D4

—1X3, bg, D14



Organization of msul.0

[Fu&Malik’'06]
e Clauses characterized as:

— Initial: derived from clauses in ¢
— Auxiliary: added during execution of algorithm

» E.g. clauses from cardinality constraints

= While exist unsatisfiable cores
— Add fresh set B of blocking variables to non-auxiliary soft clauses in
core
— Add new AtMostl constraint

L 1
b1
b;eB

» At most 1 blocking variable from set B can take value 1

= MaxSAT solution is |p| — I, where I is number of iterations



Improvements: msul.X

Problems

= Original algorithm (msul.0) used “one-hot encoding” constraint

— Corresponds to the pairwise encoding of the AtMostl constraint
— E.g. for unsatisfiable core with 10* clauses, pairwise encoding

- 4 47
requires 222091 = 108 clauses
= Each clause can have multiple blocking variables

SOIUtionS [Marques-Silva&Planes’07]

= Use encodings that are more space e [cieht
— Linear encodings: sequential counters; ladder; BDDs; etc.
— Less compact encodings with fewer auxiliary variables: bitwise
encoding
= Use AtMostl constraint to relate blocking variables of each clause
— At most 1 of the blocking variables in a clause can take value 1



MSU Algorithms: Characterization

= A glimpse of implemented MSU algorithms

msu
1.0 11 1.2 2.0 3.1 4.0
Progression LB LB LB LB LB LB+UB
# card constr | O(n) O(n) O(n) O(n) 1 1
Encoding pairwise counter  bitwise bitwise* sorters sorters

Constr size O(n*) O(n) O(nlogn) O(nlogn)* O(nlog?>n) O(nlog®n)

# block vars | O(n®) O(n) o(n?) O(nlog n) O(n)

O(n)

# aux vars 0 O(n?) O(nlogn) 0 O(nlog?n) O(nlog? n)
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Results



Results for msuX.Y

e Aborted instances with timeout of 1000 seconds:

msu

Class #| | maxsatz | minimaxsat | minisat+ | 1.0 | 1.1 | 1.2| 2.0| 3.1| 4.0
DEBUG | 65 62 65 63| 22| 14 8| 11| 23| 23
FIR 59 - 45 37| 15| 14 9| 12| 25| 44
SYN 74 - 46 44| 48| 44| 42| 42| 46| 51
MTG 215 - 7 0| 44| 44| 52| 60| 10| 16
Total 413 - 163 144129116111 (125|104 | 134




Results for msuX.Y

e Aborted instances with timeout of 1000 seconds:

msu

Class #| | maxsatz | minimaxsat | minisat+ | 1.0 | 1.1 | 1.2| 2.0| 3.1| 4.0
DEBUG | 65 62 65 63| 22| 14 8| 11| 23| 23
FIR 59 - 45 37| 15| 14 9| 12| 25| 44
SYN 74 - 46 44| 48| 44| 42| 42| 46| 51
MTG 215 - 7 0| 44| 44| 52| 60| 10| 16
Total 413 - 163 144129116111 (125|104 | 134

= Not surprisingly, msu algorithms outperform existing MaxSAT
algorithms




Results for msuX.Y

e Aborted instances with timeout of 1000 seconds:

msu

Class #| | maxsatz | minimaxsat | minisat+ | 1.0 | 1.1 | 1.2| 2.0| 3.1| 4.0
DEBUG | 65 62 65 63| 22| 14 8| 11| 23| 23
FIR 59 - 45 37| 15| 14 9| 12| 25| 44
SYN 74 - 46 44| 48| 44| 42| 42| 46| 51
MTG 215 - 7 0| 44| 44| 52| 60| 10| 16
Total 413 - 163 144129116111 (125|104 | 134

= Not surprisingly, msu algorithms outperform existing MaxSAT
algorithms

= Somewhat surprisingly, msu algorithms can outperform best PB
algorithms !




Cooperating PB and MaxSAT Solvers 7

Oracle
Class msul.2 | msul.2+minisat+ | msul.2+4.0
DEBUG 8 8 8
FIR 9 8 9
SYN 42 34 38
MTG 52 0 14
Total 111 50 69

* msul.2 and minisat+ are able to solve many diLerknt instances

— msul.2 and minisat+ are based on orthogonal approaches that
complement each other
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Conclusions

= New MaxSAT algorithms based on unsatisfiable core extraction
— All outperform extensively existing MaxSAT algorithms on most
classes of instances from practical applications
— All outperform the best PB algorithms for di Lerknt classes of
instances
— E[edtively complement best PB algorithms

= Results for early prototypes; easy to speed up implementations
— MSU algorithms implemented in Perl
— File-based communication with core extractor
— Somewhat ine [cieht core extractor (built on top of Minisat 1.14)

— Easy to achieve one order of magnitude (or more?) speed up

= Ongoing work:
— Optimize core extractor & implementation of msu algorithms
— Use MaxSAT algorithms for bioinformatics applications
» Can unsatisfiability-based MaxSAT replace PBO?
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